For two periods of quantum-cascade laser structures, we propose a system of closed balance equations that make it possible to calculate the occupancy of the energy levels, the quasi-Fermi levels, and also the injection current density taking into account different charge carrier scattering mechanisms.
In determining the occupancy of the subbands, we assume that a quasi-Fermi level F n and a surface electron concentration n sn corresponds to each energy level E n , and these parameters are determined from the following system of balance equations:
Here the fir st sum cor responds to the difference between the ar rival r ate R j N i N at level i from all j and the departure rate R i N j N from i to all j levels in the N-th period. The second sum determines the difference between the rates of electron arrival and departure at the i level of the N-th period from all the j levels of the (N -1)-th period; the third sum determines the difference between the rates of electron arrival and departure at the i level of the N-th period from all the j levels of the (N + 1)-th period. The latter equation includes the sum of the surface electron concentrations n si N at all levels of the N-th period, equal to n st . Note that the value of n st is induced by impurities and is determined by the doping of the emitters. Since the energy levels and wavefunctions in all the QCL periods are identical, their occupancies can also be considered identical. In this case, transitions of electrons from the N-th to the (N + 1)-th period are equivalent to transitions of electrons from the (N -1)-th to the N-th period, which allows us to calculate the wavefunctions for only two QCL periods. The system of equations (1) was solved for the steady-state case, when
The quasi-Fermi levels and the surface concentrations of the electrons are interconnected by the relation The total injection current density J is defined as
where J i N = η i N J is the injection current density for the i-th level of the N-th period, η i N is the corresponding injection coefficient, determining the fraction of injected electrons. The integrated transition rates R ij are found by summing the transitions, taking into account all possible scattering mechanisms. In a QCL, the major scattering mechanism is scattering off polar optical phonons at the rate
where
; ²ω q is the energy of the polar optical phonon;
is the phonon occupancy number; ε ∞ and ε are the optical and static dielectric constants. The integrated transition rate is defined as
Here H(E) is the Heaviside step function;
is the Fermi-Dirac distribution function.
For QCLs operating in the far IR range, we need to also take into account electron-electron scattering with transition rate [15] R ijfm ee = (2π)
where the n i are the surface concentrations of electrons at the i-th energy level; Ry ≈ 13.6 eV; g 0 2 = 8m r E S /² 2 , E S = E i + E j -E f -E m ; m r is the reduced effective mass. The form factor for overlap of the wavefunction envelopes F ijfm (q) is defined according to [13] :
Discussion of Results. Table 1 and Fig. 2 show the results of numerical solution of the system of closed balance equations for different threshold surface concentrations of electrons in one period n st for fixed electric field strength E = 6⋅10 6 V⋅m -1
. As shown by the calculations, levels 1 and 2 have higher occupancies than the rest, with surface concentrations of electrons ~10 10 -10 11 cm -2 depending on the excitation level, which is consistent with experimental data [2] . The injection currents and accordingly the injection coefficients are maximum for levels 11 and 8. Thus for level 11, as the total surface concentrations of electrons increases, n st = 5⋅10 10 , 1.5⋅10
11
, and 2.5⋅10 11 cm -2 , the injection current densities also increase and are J 11 = 451, 1359, and 2280 A⋅cm -2 respectively. We should point out that the injection coefficients η i practically do not vary as the QCL pumping increases. This can be used to simplify the numerical calculations for the system of balance equations (1).
